LecCtyre 2
PoSiylates o( Quantum Mechonics

Recoll from lost techre that (QC

(s |inear ngay we discusS the notation we

Use In Q C #r linear elgebrs (Dirac
r\o*v‘a?'l’oﬂ) and forma|ize oUr hoton oF (NC

(Ket) L ¢4 V' be Linte-dimerSioral Vector space
We write [v) (er 1420r € or 147...)
+» denote o veclor of VARTO IS

called a Ket. Eold of V

(Bra) Given [VvD 6"\/7 we write it
dual or adjoint as &vl'V—Fy,
(vl rs called & Bra, For o conp lac

dNegoor

veCTo r space q:d7 Qul= vyt = (v
Which v's the Con)'«lgn+9~+fa,.g'oosp of V)
(Exanﬂ?} Th (['Q.) Say lv) = [é] Then <Vl:[| —iJ

Tn 3PnPral,, e vy = lr;],\ Thén
LV Z(a & ] whee (crdi) Zedi



(T hner producis) .
Re call that on € \ +he "”’P/P’Odd(‘+

_ v (w7 .
between \/«[‘J and v (%] 'S
< Va V> :Z;.' v i W,
This is Lv]:1v) =[v V;] [‘5@] and we
denote this Produﬁ" by dvlwy
13-t
(Basps> /‘.M elementary vector [;]

Ve denote €; by the 5P"‘“""' ket i)
and call this +he Compt/'/ﬂv‘/ona/l bosis

Ex.
FET :q[{ﬂ + Aﬁ] Zgloy + bl

—

) |

[ q
? —qalo> +bly + CIlQY)
Note - | i€ i2)

(l' , )’> - O otheorwise

(UnH' ve cHor)
A um+ vector (in \[S we core about) is a verbr

Q
v s.t. vl = Lvivd = |



Postulqte #| o €

The state 0f an isolatal physice|
5}/.5‘7‘49,44 is q unt vector in g

complex vector spoce (d1 d> |

We wi'll @lmos+ ﬂ((‘ltlS‘i\/pr use Qubit
Systenms, which have Siate Spece =
ond computetiond | basis €107, 1173

(U0+4‘f/0n)
Vo write the Stete of a q/ubv" as
4y = alo) * b1

and say tha+ 14> is ing SUPPIPOCH/‘OA o€
S4ates 0) and 1V wr1 A qmp/r"fum/PS 28 b

(Tensor prodic)
Givm +ne \/_5’5 \/7 \4/., the +tensor
Pmdu(‘i' VoW of V & W isq VS
Jidh a bilinedr map @:Vxw—rVvew
vhich allows uS to Combine vecClors V€\/,l w e
o @ Shg le veClor v&w e\/®

(Abstroct cdefinidion: ® is the “Cree-est” poSible
bil,near map, So thal sll others *Cacdor ‘f’h/oagh”(g>



<(0”ffP+P e for €inite (\I!’MQ’G/()/;s)
T Vgnd W have bases £10,23 and €3,
resp., then \J/@ W has the basis
§le,>®@ 14573
and i€ V=2 aledy, w= &b i£,;>, then
VB W = Z,-J.O;b)' e, >& |€:>
Ex
C3® C? is a complox S wrih basSis
{loy@l02, 0X112, (@10, 10D11%3
Nofe that C*@ C’ has dim 4, gnd so
co Fz~ C*
I£ ve have [$)=alor+bin, (€7=clo? +din,tem
(W)@ P> =acle)loy+adiodn +kclidier + 4P

Nete: we oFHen drop @ ih Dirac notation

(RPPVPSPIHQ"DM of v W Q( )Kf'on-(’('%p/ P/pdu(:}-)
Th praclice, ve &e the Kronether product @

a]@[r]-zf’, 34|
[b ) 7| req | = |EC
s[4] [bd
- ~— -

And wride veClors of ( @ ( " as veClors 17 C’m



Postulate #2 of QM

L€ 4w syStems have State 5‘,00!(’#5 Vand W
resg-, their Combined S‘fm‘(ﬁmqi S Vew/

Q Uy for

(Systems of 7/“5'45) et
By oaosfu/mLP “”-’2, a system of n q/u.bo'v‘:s has

state Space (T® O == =,
NV
n +imesS

T he C‘om,nu"‘ah'onal basis of C° hos 3P
o lements, which we s’enm‘? by l.X77 XifO,(s’\
e.9. (0001)€ C? , oo €

n
TL\/S meagnsS @ ve Clor l‘P?ffo IS 1A
@ SUPP/’IOO.S"/‘//.W' oFf f\’b:‘f (‘/aSS/(‘a/ states

(Note)
The following @re 'nTorchangeablp:

loY@lo> = [0>lo> =007 =103
lo>®(1> = 0> =101 = 1«77
(D®loy =11>10> =107 =(>

aS NumberS /n loimry

This Coincides vith the Kron echer products Sihce

I=

Flef-[E:[5
[ [0? = .J Q " 'E’JJ:c‘: - e,

=



( Product £ entangled veclors)

Ve W Jifrers from V* w’ becuuse not every
element of VW can bewritten as vow

EX- ' [
The veCr (07> Fa[:g]:u-:l;—('w7 +m))
]

Canrot be writdpn in The Gorm 1¥)@(¢? G@r l~|»7,l¢(?>€CQ
This veclr is Called a Bell state

We Call a state 1> a product State i€ i+
cah be vritten as 18)®by. Ot hervise i+ is

enh +dn3 led

(linear oPPm*/nrs)
A lineqr operator A\ —>W between (S
\/,) W iS5 @ MQP which IS I:’hPar) e

A ([ + BrgD=e< i+ B

Note: we often define @ linear operertor by
iving i+s dcCtion On a basis €673 of \/’ e
Boolaqn *#Npt?

A ::077:‘[‘?) or )ust A: x> HI&%O, ¥ € 50,13
|

TA,‘5 1S valid since b\/ Ii’\(’”"“})/v
A& o109 = Z.a: (A1e)



( MO + riy repre»n‘}a-ﬁons)
A linear O'DPrrfar A’V—?M/ can be '/\’PKQS\’/I‘I"PJ

by @ matriX fﬁf}s:&::t'-::]orer bases €€
and {3 o€ /W resp. SYch +hd

Ex

A

TI\? ma +/l‘)( /ff>r~P$€n+a+ion of-ﬂ\P lineqr
operator A |y —> axy, €0, is

The matrix ropresen fation acls pn o Ve Clor
via matrix - vector maltiplcation. Ex.

o T

( Ouler pro ducts)

Another convenent ay of describing an operotor A is
aS o Sum of outer pralddis of basis veclors. odt

products are sritten in Diroc rodgtion as |24,

Ex. '07(”:[(;][0 1E E?O']) l|7<u:[?][o ,]:@ IO]



Fa H . Qr+horne mal
GiWh VS"} \/ 2 w w:'*l'h"bﬂlS&s {IP.)S) g“(_;)j-)

ghy l.n€ar opPr¢+9r A VW con b¢ exp reSsad as
A= Z,'.) A,} |€,2¢e,]

Comes €rom Comp leteness L. ley<eil= L 32) 4

A=T AT

24y 1Rk Ale><en)
- 5;; (CE5lA1ed) (€248

q lg,§51'5 of Q'Q«Praiagg

. Nor,,w,{; AA*P-; }4+Z—""Con[)c;f'9;+c_‘l§zn5ﬁ:sp
-Un,'—la/y'. Uut = T=u*v Er d""]
o bermitian: A = A+ N impO¥ 4a nt
o Projemtprrp": P

(Note: (¥><yl is The Proj-f(‘}'or onto

State (¢7. we O‘F-hon uSe€ pre )'Pr'brs of
the form (03¢0l and 117<11)

« Positive: <4l Al4r20 iy



(Tpnsor produrts of OPPfaToG)

As with states we can combrne operators
on different Systems with the tenser product

T+ A:VSV and B:X>Y, then ABVBXSWEY

qhd

(AR (1y>®|¢) = Alw? @ BIe>

As with States, we use The Kronecher product
Yo represent a +(n Spr p"vdam" of opP/d‘f'ofy as a Maty

[q b]® 91&]

Ex.

\o w (A‘@.T:)(lo)&h)):
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a9 24h &9 bh
ce ¢ de J¢
@ chdg dh

Let A-:[? c;_].) which Swages 02 &2 112

Then AT = [(o]8fs ®]-

-

—

00 -0
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Zlye (1

Tn fo\(mh A®T “IPEVES the seCond 5}’5‘/’40/1.,

une haI\QPd "



pro,op/-h‘es of ©

le s(AOB) —sA®B = A @sB
0. (M+3)yaC = AeC + B2C

s Aa(8+C) “A®B + ABC

. Ao (bo0) =(heB) &

5, (498)+ = A ap+

L (roB)(caD) ~AC @B



Postulate #3 o€ QM

The PA\/_ciral ewlution of an idlated qyuantym system
s represented by a Yidaty Optrator on +he Stute spare

(unitary operators satisfy [[U1udll=I1147]] a nd
hence taKe unt vectors o un't vectors)

Ex.

Common unitar¢S in QC in("/dd(

r=(p0] xo[e] 2=[2] Yo

( Payl; of;pm‘fors)

Also H:J'—;[' ’:( (thbm/doPe/afo,)

(I

Note that .
Kilpy —>1p  Z oo '——-m;[ se
17 7107 1172 =) 1O
W
Bit €lip Phase €lip

And also that
uxh = 5B 4I62] =300 ]
:[! (o,
o -

-Z



Postulate 24 of QM
(Measurement)

(Lot €M)} be aset of operators vith
g 8Sociated outcomes m and Such that

s, MIM, =T

Th(ﬂ the measurement OF a statp (W> with
respect +o (M} produces oytcome m Wit
Probab;|i+y
plm = UMM, |u>
and leaves the %s-rom in the State
ML) Ml
Jpe) [y

No‘f? ; b}l I'n ea/f'l’)(7

To, PUm =8, KHIAL My 14>

= <yql(g, MiM) 1w>
= |



Ex.

—

Recall that 10%¢ +17&1= T

Measdring the State (47=alo7 tbli? wrt
§ My zlo7¢ol, M =112413 produces outcome O wHh

p(O> = KWI Mgt Mp147 = LU IECINY;
Z 143

The state after measurement is then

Q
ai 12

This s measurement in the Co mpitetional basis

/ﬂofe 9en9ra/l )") W€ Can Mégsure in any ol honorma |
basis {1e;>3 by seiting M, =1e3<e;|

prejeclor onto (€,
Moasdrement of (M3 will Pro)wd’ or Collepse

a State onto this basis, We call 4his
q Pro)ﬂcﬁw or Von Ve umgnn MEe@Sdrement

P rop.

A”y von Neumann mea Surement reduces +to Un,'-/gw,
{ranstormations qnd computations|ba 513 M easdre ments
V773 1€2 1S unitary
B£ A = le><p | = RXI% qu';:\lu*lq;
So. lyIimosler = (Y U 1< UTIe? =Lq'| 1i><il (V)
dnd M, 14y = UV 1i2E1V* e =U (1> ¢i149)



(/7?45(/ /(mflﬁ' of C‘om'OOSI'-/'P 5),5“/’?,:45)

O €+en we wvant to on()/ MoaSare | sySiem iy
a composite Systom. Here we can note thet

if &, MiMa=I, theq

£, (Mo TV(MoD = &, (M'OIY(MBL) (prp.of @

=5, Miner (prop.of ®)
=(g, MO T (P/ap. ofe)
=I»®1l

=TI

Ex.

Suppose we measure the Stat+-e
|

|
M) :5 (';’] :§(Im> ~lo1y 4+ 0> + Iu))

v.r. ¥, the compulaiional bosrs in the €irst guit

p (0) = Ly| (wr0i@T) |7
:5'—('.“ (103 -10o1))
:;'[((00!007 + (oHOD)

-~

R,
And +he resu IJ/'r_|9 s tate €or ovtcome O wou bl be
(1orcoi@D 14y _ L (tooy—1017)

= £ (loo> - lon)




(P‘wlSP ihvariahce)

Given States 14> and 4'> =0 C(¢>, ve can
hote that the probability of measuring owicome m
is the seme for (WX and (¢'):

CWIMIM 14> = 41692 e 14
=LY MIM, 14

we call +his q 9(0601/ Phase qnd of +en /g9rore
global pheses Sin® measywrent can't obsernr +hem

Neasarement Can howe ver de+ect relative phase
N _
|4 '—'r‘;((o)+],)) ) (¢'>= I (lO) (c))
b7 Cl\algl"p +D an QWKOP/'Q'{-( &S';’;
Higy=10>, HIWY>=[

(No'fa'*io")
Ve denote F(10>110) = HiO> = [+7

i'.;((o)-ll)):”“? > -2

Obsorve that €142, -3 isa basis of C°



